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Abstract. We summarize our recent study on the finite-element and finite-volume
methods for $u_{t}-\triangle f(u)=0$ with the homogeneous Dirichlet boundary condition.
Comparison of these methods are given from the view point of nonhnear semigroup
theory in $L^{1}$ . Fully discrete schemes (by the finite-volume) with a time-increment con-
trol for a fast diffusion equation are examined together with some numerical examples.
Especially, we propose a special discretization method for the fast diffusion equation
that preserves the extinction phenomena of solution.
1
$\Omega\subset \mathbb{R}^{d}(d=2,3)$
$\{\begin{array}{ll}u_{t}-\triangle f(u)=0 in \Omega\cross(0, T) ,u=0 on \partial\Omega, u|_{t=0}=u_{0}(x) on \Omega\end{array}$ (1)
$T$ $u_{0}\in L^{1}(\Omega)$








$f(u)=\{\begin{array}{ll}\alpha(u+1) (u\leq-1)0 (-1<u<1)\beta(u-1) (u\geq 1)\end{array}$
2 Stefan enthalpy formulation
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$\mathscr{D}(L)=\{v\in W_{0}^{1,1}(\Omega)|Lv\in V\}, Lv=-\triangle v (v\in \mathscr{D}(L))$; (3)
$\mathscr{D}(A)=\{v\in V|f(v)\in D(L)\}, Av=Lf(v) (v\in \mathscr{D}(A))$ (4)
(1) $V$
$\frac{d}{dt}u(t)+Au(t)=0 (0<t<T) , u(O)=u_{0}$ (5)
Brezis and Strauss [3] $-A$ $V$ (m-dissipative)
$-A$
$R(I+\lambda A)=\overline{D(A)}=V$ ;
$\Vert v-\hat{v}\Vert_{1}\leq\Vert v-\hat{v}+\lambda Av-\lambda A\hat{v}\Vert_{1} (v,\hat{v}\in \mathscr{D}(A), \lambda>0)$
$\Vert\cdot\Vert_{p}=\Vert\cdot\Vert_{L^{p}(\Omega)} (1\leq p\leq\infty)$
Crandall and Liggett [4]
$S(t)=s- hmmarrow\infty(I+\frac{t}{m}A)^{-m} ( [0, T] )$
$\{S(t)\}_{t\geq 0}$ (5) $u(t)=S(t)u_{0}$
$A$
$(I+\lambda A)^{-1}g\geq(I+\lambda A)^{-1}\hat{g} (g,\hat{g}\in V, g\geq\hat{g},\lambda>0)$.
$L^{\infty}$
$\Vert(I+\lambda A)^{-1}g\Vert_{\infty}\leq\Vert g\Vert_{\infty} (g\in L^{\infty}(\Omega), \lambda>0)$
([3])
$S(t)u_{0}\geq S(t)\hat{u}_{0} (u_{0},\hat{u}_{0}\in V, u_{0}\geq\hat{u}_{0})$
$L^{\infty}$







$\Omega$ (cf. [2], [6])
$h=_{K} \max_{\in \mathscr{T}}h_{T}$ ( $h_{K}=K$ ).
$\mathscr{T}_{h}$ $K$ (element), (node)
$X_{h}=\{v_{h}\in C(\overline{\Omega})|$ $K\in \mathscr{T}_{h}$ $\},$
$V_{h}=\{v_{h}\in X_{h}|v_{h}|_{\partial\Omega}=0\}$
$\mathscr{T}_{h}$ ( ) $X_{h}\subset H^{1}(\Omega),$ $V_{h}\subset H_{0}^{1}(\Omega)$ ( )
$\mathscr{T}_{h}$
$\overline{N}$, $\Omega$ $N,$ $\partial\Omega$
$N_{B}$ $\{P_{i}\}_{i=1}^{\overline{N}}$ $\{P_{i}\}_{i=1}^{N}$
$\Omega$ $\{P_{i+N}\}_{i=1}^{N_{B}}$ $\partial\Omega$ $1\leq i\leq$
$\hat{\phi}_{i}=\hat{\phi}_{h,i}\in X_{h}$
$\hat{\phi}_{i}(P_{j})=\{\begin{array}{ll}1 (i=j)0 (i\neq j)\end{array}$




$\{\begin{array}{l}u_{h}\in C^{1}([0, T];V_{h}) ,(\frac{du_{h}(t)}{dt}, v_{h})+(\nabla f(u_{h}(t)), \nabla v_{h})=0u_{h}(0)=u_{0h}\end{array}$ $(\forall v_{h}\in V_{h})$ , (6)
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$u_{0h}\in$ $u_{0}$
(6) $-\Delta$ $L_{h}$ : $V_{h}arrow V_{h}$
$(L_{h}u_{h}, v_{h})=(\nabla u_{h}, \nabla v_{h}) (\forall v_{h}\in V_{h})$ (7)
Ritz $R_{h}:V_{h}arrow V_{h}$
$(\nabla(R_{h}u_{h}-u_{h}), \nabla v_{h})=0 (\forall v_{h}\in V_{h})$ (8)
$L^{2}$ $P_{h}:V_{h}arrow$
$(P_{h}u_{h}-u_{h}, v_{h})=0 (\forall v_{h}\in V_{h})$ (9)
(1)
$\frac{du_{h}(t)}{dt}+L_{h}R_{h}f(u_{h}(t))=0 (0<t<T) , u_{h}(0)=u_{0h}$ (10)
$f$ Lipschitz (10) well-posed
$-A$ $-L_{h}R_{h}$
(lumped mass) (cf. [6]).
$D_{i}$ ( 1). $D_{i}$ $\overline{\phi}_{i}=\overline{\phi}_{h,i}$ ;
$\overline{\phi}_{i}(x)=\{\begin{array}{l}1 (x\in D_{i})0 (x\in\Omega\backslash \overline{D_{i}}) .\end{array}$ (11)
$\{\overline{\phi}_{i}\}_{i=1}^{N}$ ( ) $\overline{V}_{h}$
$M_{h}$ : $V_{h}arrow\overline{V}_{h}$
$(M_{h}v_{h})(x)= \sum_{i=1}^{N}v_{h}(P_{i})\overline{\phi}_{i}(x) (v_{h}\in V_{h})$ (12)
$V_{h}$
$(v_{h}, w_{h})_{h}=(M_{h}v_{h}, M_{h}w_{h})= \sum_{i=1}^{N}v_{h}(P_{i})w_{h}(P_{i})|D_{i}| (v_{h}, w_{h}\in V_{h})$ (13)








$\{\begin{array}{l}u_{h}\in C^{1}([0, T];V_{h}) ,(\frac{du_{h}(t)}{dt}, v_{h})_{h}+(\nabla\pi_{h}f(u_{h}(t)), \nabla v_{h})=0u_{h}(0)=u_{0h}.\end{array}$ $(\forall v_{h}\in V_{h})$ , (15)
:
$\frac{du_{h}(t)}{dt}+A_{h}u_{h}(t)=0 (0<t<T) , u_{h}(0)=u_{0h}$. (16)




1. $\lambda>0$ $-A_{h}$ :
(i) $R(I+\lambda A_{h})=V_{h}$
(ii) $\Vert v_{h}-\hat{v}_{h}\Vert_{1,h}\leq\Vert v_{h}-\hat{v}_{h}+\lambda A_{h}v_{h}-\lambda A_{h}\hat{v}_{h}\Vert_{1,h}$ $(v_{h},\hat{v}_{h}\in V_{h})$ .
(iii) $(I+\lambda A_{h})^{-1}g_{h}\geq(I+\lambda A_{h})^{-1}\hat{g}_{h}$ $(g_{h},\hat{g}_{h}\in V_{h}, g_{h}\geq\hat{g}_{h})$ .
(iv) $\Vert(I+\lambda A_{h})^{-1}g_{h}\Vert_{\infty}\leq\Vert g_{h}\Vert_{\infty}$ $(g_{h}\in V_{h})$ .
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Crandall and Liggett [4]
2 (i) $-A_{h}$ $\Vert\cdot\Vert_{1,h}$
(16) $u_{h}(t)=S_{h}(t)u_{0h}$ $\{S_{h}(t)\}_{t\geq 0}$
$S_{h}(t)= \lim_{marrow\infty}(I+\frac{t}{m}A_{h})^{-m} ([0, T] )$
(ii) $\Vert S_{h}(t)u_{0h}-S_{h}(t)\hat{u}_{0h}\Vert_{1}\leq\Vert u_{0h}-\hat{u}_{0h}\Vert_{1}$ $(u_{0h},\hat{u}_{0h}\in V_{h})$ .
(iii) $S_{h}(t)u_{0h}\geq S_{h}(t)\hat{u}_{0h}$ $(u_{0h},\hat{u}_{0h}\in V_{h}, u_{0h}\geq\hat{u}_{0h})$ .
(iv) $\Vert S_{h}(t)u_{0h}\Vert_{\infty}\leq\Vert u_{0h}\Vert_{\infty}$ $(u_{0,h}\in V_{h})$ .
$\mu>d=2$
:
$\{\begin{array}{l} p\in(d, \mu) g\in L^{p}(\Omega) -\Delta w=gin\Omega, w=0on\partial\Omega w\in H^{1}(\Omega) w\in W^{2,p}(\Omega), \Vert w\Vert_{W^{2,p}(\Omega)}\leq C_{p}\Vert f\Vert_{p} \end{array}$ (17)
3. $\lambda_{1}>0$ $g\in L^{1}(\Omega)$ $g_{h}\in$ $\Vert g_{h}-g\Vert_{1}arrow 0(h\downarrow 0)$
$f$ (17) $\mu>d=2$
$\{\mathscr{T}_{h}\}_{h}$ (cf. [2], [6])
lim $sup\Vert u-u_{h}\Vert_{1}=0$
$h\downarrow 0_{\lambda\in[0,\lambda_{1}]}$
$u+\lambda Au=g,$ $u_{h}+\lambda A_{h}u_{h}=g_{h}$






1-4 Mizutani, Saito and Suzuki [11]
“ ”
1. 1(iv) Brezis and Strauss [3] (Lemma
2$)$
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2. 3 4 $f$
Stefan
3. 3 4 (17) $d=2$







$\Omega$ control volume control volume
$u$ control volume
(admissible mesh) $(cf. [5], [9|)$ .




(A2) $i\neq j$ $\overline{D_{i}}$ $\overline{D_{j}}$ $\searrow$ (
$)$ $\sigma_{ij}=\overline{D_{i}}\cap\overline{D_{j}}$
$\sigma_{ij}=\emptyset$
(A3) $D_{i}$ $P_{i}\in\overline{D_{i}}$ $\sigma_{ij}\neq\emptyset$ $P_{i}$ $P$
$\sigma_{ij}$
(A4) $\partial\Lambda=\{i\in\Lambda|\partial\Omega\cap D_{i}$ $\}$ $D_{i}(i\in\partial\Lambda)$ control volume
$i\in\partial\Lambda$ $P_{i}\in\partial\Omega\cap\overline{D_{i}}$
$=D_{i}$ $h=$ size $\mathscr{D}=\max\{h_{i}|i\in\Lambda\}$
$\mathscr{D}=\mathscr{D}_{h}$










. .... .. .:... . . ... . .





3 ( ) ( ).
$\mathscr{D}_{h}$ 2 3
(1)
$\mathscr{D}_{h}=\{D_{i}\}_{i\in\overline{\Lambda}}$ $u_{t}-\triangle f(u)=0$ $D_{i}(i\in\Lambda)$
$\int_{D}. u_{t}dx-\int_{\partial D}. \nabla f(u)\cdot\nu_{i}dS=0$
$V_{h}=$ span $\{\varphi_{i}\}_{i\in\Lambda},$ $\varphi_{i}(x)=\{\begin{array}{l}1 (x\in D_{i})0 (x\in\Omega\backslash D_{i})\end{array}$
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$v_{h}\in V_{h}$ $v_{i}=v_{h}(P_{i})(i\in\Lambda)$
$d_{ij}=|P_{i}-P_{j}|,$ $m_{i}=D_{i}$ $m_{ij}=\sigma_{ij}$ $\gamma_{ij}=\frac{m_{ij}}{d_{ij}},$
$\Lambda_{i}=\{j\in\Lambda|\sigma_{ij}\neq\emptyset\})$ $v_{ij}=\sigma_{ij}$ $D_{i}$ $D_{j}$
(1) $u(x, t)\approx u_{h}(t)\in V_{h}$





$\{\begin{array}{l}u_{h}\in C^{1}([0, T];V_{h}) ,\frac{du_{i}(t)}{dt}-\frac{1}{m_{i}}\sum_{j\in\Lambda_{t}}\gamma_{ij}[f(u_{j}(t))-f(u_{i}(t))]=0 (i\in\Lambda) ,u_{i}(t)=0 (i\in\partial\Lambda) , u_{i}(0)=u_{0,i}\equiv\frac{1}{m_{i}}\int_{D_{t}}u_{0}(x)dx (i\in A) .\end{array}$ (18)
$L$ $A$ $L_{h},$ $A_{h}$ : $V_{h}arrow V_{h}$
$(L_{h}v_{h})(P_{i})=- \frac{1}{m_{i}}\sum_{j\in\Lambda_{l}}\gamma_{ij}(v_{j}-v_{i}) (i\in\Lambda)$ ,
$(A_{h}v_{h})=L_{h}(f(v_{h}))$
(18)
$\frac{d}{dt}u_{h}(t)+A_{h}u_{h}(t)=0 (0<t<T) , u_{h}(0)=u_{0,h}$ (19)
$\varphi$ : $\mathbb{R}arrow \mathbb{R},$ $\varphi(0)=0,$ $v_{h}\in V_{h}$ $\Rightarrow$ $\varphi(v_{h})\in V_{h}$ (20)
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5. $\lambda>0$ $A_{h}$ :
(i) $R(I+\lambda A_{h})=V_{h}$
(ii) $\Vert v_{h}-\hat{v}_{h}\Vert_{1}\leq\Vert v_{h}-\hat{v}_{h}+\lambda A_{h}v_{h}-\lambda A_{h}\hat{v}_{h}\Vert_{1}$ $(v_{h},\hat{v}_{h}\in V_{h})$ .
(iii) $(I+\lambda A_{h})^{-1}g_{h}\geq(I+\lambda A_{h})^{-1}\hat{g}_{h}$ $(g_{h},\hat{g}_{h}\in V_{h}, g_{h}\geq\hat{g}_{h})$ .
(iv) $\Vert(I+\lambda A_{h})^{-1}g_{h}\Vert_{p}\leq\Vert g_{h}\Vert_{p}$ $(g_{h}\in V_{h}, 1\leq p\leq\infty)$ .
6 (i) $-A_{h}$ $L^{1}$
(19) $u_{h}(t)=S_{h}(t)u_{0,h}$
$\{S_{h}(t)\}_{t\geq 0}$
$S_{h}(t)= \lim_{marrow\infty}(I+\frac{t}{m}A_{h})^{-m} ([0, T] )$
(ii) $\Vert S_{h}(t)u_{0,h}-S_{h}(t)\hat{u}_{0,h}\Vert_{1}\leq\Vert u_{0,h}-\hat{u}_{0,h}\Vert_{1}$ $(u_{0,h},\hat{u}_{0,h}\in V_{h})$ .
(iii) $S_{h}(t)u_{0,h}\geq S_{h}(t)\hat{u}_{0,h}$ $(u_{0,h},\hat{u}_{0,h}\in V_{h}, u_{0,h}\geq\hat{u}_{0,h})$ .
(iv) $\Vert S_{h}(t)u_{0,h}\Vert_{p}\leq\Vert u_{0,h}\Vert_{p}$ $(u_{0,h}\in V_{h}, 1\leq p\leq\infty)$ .
5 “ ”
Brezis and Strauss [3]
Brezis
and Strauss ([3, Lemma 2])
1. $f,$ $\phi$ : $\mathbb{R}arrow \mathbb{R}$ ( ) $f(0)=0$




$\bullet$ $\Gamma_{h}=\{\sigma_{ij}|i\in A$ and/or $j\in\Lambda\}.$
$f$ (2)
$v_{1}= \inf \nu_{h}>0$ (21)
$\mathscr{D}_{h}\in\{\mathscr{D}_{h}\}_{h}$
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$= \sigma\in\Gamma_{h}\min_{tJ}\frac{d_{i,j}}{d_{i}},$ $d_{i}=$ diam $(D_{i})$ , $d_{i,j}=$ dist $(P_{i}, \sigma_{ij})$
7. $\lambda_{1}>0$ $g\in L^{1}(\Omega)$ $g_{h}\in$ $\Vert g_{h}-g\Vert_{1}arrow 0(h\downarrow 0)$
(21)
$\lim_{h\downarrow 0}\sup_{\lambda\in[0,\lambda_{1}]}\Vert u-u_{h}\Vert_{1}=0$
$u+\lambda Au=g,$ $u_{h}+\lambda A_{h}u_{h}=g_{h}$
8. $T>0$ $u_{0}\in L^{1}(\Omega)$ (21)
$\lim_{h\downarrow 0_{t}}\sup_{\in[0,T]}\Vert u(t)-u_{h}(t)\Vert_{1}=0$
$u(t)=S(t)u_{0},$ $u_{h}(t)=S_{h}(t)u_{0,h}$
$t_{n}=\tau_{1}+\cdots+\tau_{n}, \tau_{1}, \ldots, \tau_{n}>0$
$u_{h}^{n}\approx u_{h}(t_{n})$
(18)
(cf. Nochetto and Savar\’e [13]) Euler
$\frac{u_{h}^{n}-u_{h}^{n-1}}{\tau_{n}}+A_{h}u_{h}^{n}=0, u_{h}^{0}=u_{0,h}$
$u_{h}^{\tau}(t)= \frac{u_{h}^{n}-u_{h}^{n-1}}{\tau_{n}}(t-t_{n-1})+u_{h}^{n-1} (t_{n-1}\leq t<t_{n})$
$\max_{t\in[0,T]}\Vert u_{h}(t)-u_{h}^{\tau}(t)\Vert_{1}\leq(T\Vert A_{h}u_{0h}\Vert_{1})\tau.$




$\tau_{n+1}\leq\frac{1}{\eta_{h}^{n}}(\min_{i\in\Lambda}\frac{m_{i}}{\sum_{j\in\Lambda_{l}}\gamma_{ij}}) \Rightarrow \Vert u_{h}^{n+1}\Vert_{\infty}\leq\Vert u_{0,h}\Vert_{\infty},$
$\eta_{h}^{n}=\sup_{M’\leq z\neq w\leq M}\frac{f(z)-f(w)}{z-w}, M’=\min_{i\in\Lambda}u_{h}^{n}, M=\max_{i\in\Lambda}u_{h}^{n}$
4
(fast diffusion)
$\{\begin{array}{l}\frac{\partial u}{\partial t}-\triangle f(u)=0 in \Omega\cross(0, T) ,u=0 on \partial\Omega, u|_{t=0}=u_{0} on \Omega\end{array}$ (22)
$0<\alpha<1$ $f(s)=s^{\alpha}(s\geq 0)$
$\varphi(r)=r^{1/\alpha}=r^{p}(r\geq 0)$ $v=f(u)$
$\{\begin{array}{ll}\frac{\partial}{\partial t}\varphi(v)-\Delta v=0 in \Omega\cross(0, T) ,v=0 on \partial\Omega, v|_{t=0}=v_{0}=u_{0}^{\alpha} on \Omega\end{array}$ (23)
$\{\begin{array}{l}\frac{du_{i}(t)}{dt}-\frac{1}{m_{i}}\sum_{j\in\Lambda_{l}}\gamma_{ij}[f(u_{j}(t))-f(u_{i}(t)]=0 (i\in\Lambda) ,u_{i}(t)=0 (i\in\partial\Lambda) , u_{i}(0)=u_{0,i}\equiv\frac{1}{m_{l}}\int_{D_{t}}u_{0}(x)dx (i\in\overline{\Lambda}) ,\end{array}$ (24)





$\{\begin{array}{ll}\frac{1}{\tau_{n}}[\varphi(v_{i\backslash }^{n})-\varphi(v_{i}^{n-1})]-\frac{1}{m_{i}}\sum_{j\in\Lambda_{i}}\gamma_{ij}[v_{j}^{n}-v_{i}^{n}]=0 (i\in\Lambda) ,v_{i}^{n}=0 (i\in\partial\Lambda) , v_{i}^{0}=v_{0,i} (i\in\overline{\Lambda}) \end{array}$ (26)









$v_{0}$ $v_{0}>0,$ $v_{0}\not\equiv 0$ $0\leq t<T_{*}$ $v(x, t)>0(x\in\Omega)$ ,
$t\geq$ $v\equiv 0$ (extinction time)
$\tau_{n}arrow 0,$ $t_{n}arrow T_{*}$ as $narrow\infty$ (28)
Berryman and Holland [1] :
$\lambda_{p}\frac{||v(t)||_{p+1}^{p+1}}{||\nabla v(t)\Vert_{2}^{2}}\leq T_{*}(v(t))\leq\lambda_{p}C_{S}\Vert v(t)\Vert_{p+1}^{p-1} (\lambda_{p}=\frac{p}{p-1})$ . (29)
$C_{S}$ Sobolev $T_{*}(v(t))$
$v(t)$ $0<\delta<1$







M. N. Le Roux
([10]) :
$\{\begin{array}{ll}\frac{p}{p-1}v_{i}^{n}\frac{(v_{i}^{n})^{p-1}-(v_{i}^{n-1})^{p-1}}{\tau_{n}}-\frac{1}{m_{i}}\sum_{j\in\Lambda_{l}}\gamma_{ij}(v_{j}^{n}-v_{i}^{n})=0 (i\in\Lambda) ,v_{i}^{n}=0 (i\in\partial\Lambda) , v_{i}^{0}=v_{0,i} (i\in\overline{\Lambda}) . \end{array}$ (31)
:
$\frac{p}{p-1}v_{h}^{n}\frac{(v_{h}^{n})^{p-1}-(v_{h}^{n-1})^{p-1}}{\tau_{n}}+L_{h}v_{h}^{n}=0 (n\geq 1) , v_{h}^{0}=v_{h0}$ . (32)
( ).
2. $v_{h}^{n-1}\equiv 0$ (32) $v_{h}^{n}\equiv 0$
2. $H_{n}= \frac{a_{h}(v_{h}^{n},v_{h}^{n})}{||v_{h}^{n}\Vert_{p+1}^{2}}$
9. $0\not\equiv,$ $0\leq v_{h}^{n-1}\in$
$\tau_{n}<\frac{p}{p-1}\cdot\frac{\Vert v_{h}^{n-1}\Vert_{p+1}^{p-1}}{H_{n-1}}$ (33)
(32) $v_{h}^{n}\in V_{h}$
$v_{h}^{n}\geq 0, \not\equiv 0, \Vert v_{h}^{n}\Vert_{\infty}\leq\Vert v_{h}^{n}\Vert_{\infty}, H_{n}\leq H_{n-1}$
10. $0\not\equiv,$ $0\leq v_{h}^{0}$ $V_{h}$
$t_{n}= \tau_{1}+\cdots+\tau_{n}<\frac{p}{p-1}. \frac{||v_{h}^{0}\Vert_{p+1}^{p+1}}{a_{h}(v_{h}^{0},v_{h}^{0})}$ (34)
$*1$ ( )
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$(=$ onooooooom - $t\cdot 0D1560600\infty-$
$t=t_{0} t=t_{3}$
$t=0\Omega 03u\{40\infty- t\cdot 0D345933000-$
$t=t_{1} t=t_{4}$
$t=0P559215000$ –$t-0$ 0062424000 –
$t=t_{2} t=t_{5}$
4 $uo(x, y)=|\sin(3\pi x)\sin(4\pi y)|$ (26) $(0=t0<$
$t_{1}<t_{2}<t_{3}<t_{4}<t_{5}\approx T_{*})$ . $p=2$
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5 $u0(x, y)=|\sin(3\pi x)\sin(4\pi y)|$ (26) $(0=t0<$








6 $u_{0}(x, y)=|\sin(3\pi x)\sin(4\pi y)|$ (26) $(0=t0<$
$t_{1}<t_{2}<t_{3}<t_{4}<t_{5}\approx T_{*})$ . $p=4$
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( $\tau_{n}$ (33)
), (32) $\{v_{h}^{k}\}_{k=0}^{n}\subset V_{h}$
$v_{h}^{k}\geq 0,$ $\not\equiv 0,$ $\Vert v_{h}^{n}\Vert_{\infty}\leq\Vert v_{h}^{n-1}\Vert_{\infty}\leq\cdots\leq\Vert v_{h}^{0}\Vert_{\infty},$ $H_{n}\leq H_{n-1}\leq\cdots\leq H_{0}$








$v_{h}^{N}\in V_{h}$ (32) ; (36)
$v_{h}^{k}\geq 0, \not\equiv 0 (1\leq k\leq N-1) , v_{h}^{k}\equiv 0 (k\geq N)$ ; (37)
$\lambda_{p}\frac{||v_{h}^{0}\Vert_{p+1}^{p+1}}{a_{h}(v_{h}^{0},v_{h}^{0})}\leqT^{*}\leq\lambda_{p}C_{l}\Vert v_{h}^{0}\Vert_{p+1}^{p-1}$; (38)
$C_{2}(T^{*}-t_{n})^{\frac{1}{p-1}} \leq\Vert v_{h}^{n}\Vert_{p+1}\leq(\frac{T^{*}-t_{n}}{\tau*})^{\frac{1}{p-1}}\Vert v_{h}^{0}\Vert_{p+1}$ . (39)
$C_{1}=\v{C}_{p+1}^{2}=48(p+1)^{2}/\nu_{1},$ $C_{2}=(p-1)/p\cdot\tilde{C}_{p+1}^{-2},$ $\lambda_{p}=p/(p-1)$ .
3( Sobolev [5]). $2\leq q<\infty$
$\Vert v_{h}\Vert_{q}\leq C_{q}a_{h}(v_{h}, v_{h})^{1/2} (v_{h}\in V_{h}) , C_{q}=4q\sqrt{\frac{3}{\nu_{1}}},$
12. $0\not\equiv,$ $0\leq v_{h}^{0}\in V_{h},$ $\{v_{h}^{k}\}_{k\geq 1}\subset V_{h}$ (32) $U_{\tau,h}\in C([O, T];V_{h})$
$U_{\mathcal{T}},h(t)= \frac{(v_{h}^{n})^{p}-(v_{h}^{n-1})^{p}}{\tau_{n}}(t-t_{n-1})+(v_{h}^{n-1})^{p} (t_{n-1}\leq t\leq t_{n})$
$T>0$




Find $v=v_{h}^{n}\in V_{h}$ st. $\frac{p}{p-1}v\frac{v^{p-1}-\tilde{v}^{p-1}}{\tau_{n}}+L_{h}v=0$
$\tilde{v}=v_{h}^{n-1}\in V_{h}$
Keller ([8]):
$L_{h}v_{k}+ \frac{p}{(p-1)\tau_{n}}(p\Vert\tilde{v}\Vert_{\infty}^{p-1}-\tilde{v}^{p-1})v_{k}=\frac{p}{(p-1)\tau_{n}}(p\Vert\tilde{v}\Vert_{\infty}^{p-1}-v_{k}^{p}:_{1}^{1})v_{k-1}$ $(k\geq 1)$
$v_{0}=\tilde{v}$
$\lim_{karrow\infty}\Vert v-v_{k}\Vert_{1}=0$
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